We study the global stability of a model of virus dynamics with consideration of humoral and cellular immune responses. We use a Lyapunov direct method to obtain sufficient conditions for the global stability of virus-free and viruspresence equilibriums. First, we analyze the model without an immune response and found that if the reproductive number of the virus is less than or equal to one, the virus-free equilibrium is globally asymptotically stable. However, for the virus-presence equilibrium, global stability is obtained if the virus entrance rate into the target cells is less than one. We analyze the model with humoral and cellular immune responses and found similar results. The difference is that in the reproductive number of the virus and in the virus entrance rate into the target cells appear parameters of humoral and cellular immune responses, which means that the adaptive immune response will cease or control the rise of the infection.
Introduction
Global stability analysis in models of within-host viral infections has been addressed in particular cases. In [1] , the authors proved global stability by using an extension of the Poincaré-Bendixson theorem for the class of threedimensional competitive systems. In [2] , the authors used the direct Lyapunov method to demonstrate global stability. The same was done in a model with a Beddington-DeAngelis functional response [3] . In [4] , the authors proved global stability of a model considering general nonlinear incidence rate, cure rate and absorption. In [5] , the authors proved global stability of an agestructured viral infection model with general incidence rate and absorption.
On the other hand, there are models (see [6] [7] [8] [9] ) that consider the immune response with global stability analysis. All of those models study humoral or cellular immune response or both. A model considering humoral, cellular immune response and a general incidence rate is presented in [10] , which generalized all the models mentioned before. But this model did not consider the virus absorption by target cells, that is, when the virus penetrates in the cells, this amount must be diminished. In this sense, our model, besides including the humoral and cellular immune responses, takes into account the virus entrance rate into the target cells. Initially, using a direct Lyapunov method, we show the global stability of a model of virus dynamics without immune response. Further, we obtain conditions for the global stability of the model considering humoral and cellular immune responses. The organization of this paper is as follows. In Section 2, we present the formulation of the model with immune response and the positive invariant set. The global stability analysis of the model without an immune response is presented in Section 3. Finally, in Section 6, we provide the global stability analysis of the model with humoral and cellular immune responses.
Model Formulation
We denote by S, I , V , B and T the target cells, infected cells, dengue virus, B cells and the cytotoxic T cells, respectively. The S cells are produced in bone marrow at a constant rate k s . The target cells are chronically infected at rate β I and die at a rate µ s , the lysis of these infected cells occur by action of the cytotoxic CD8+ cells T at rate α I , and die by apoptosis at rate µ I . We assume that cytotoxic T cells are responsible for cellular immune response, that is, to eliminate the intracellular pathogens (kill the infected cells) and that the B cells are responsible for humoral immune response, i.e., to defend the host from extracellular pathogens. We consider that B cells and cytotoxic T cells are produced in the bone marrow at rate k B and k T , and the diverse chemical signals will activate B cells and cytotoxic T cells. However, these cells, in the beginning of this activation, do not have high affinity, which means that they are not efficient to clear the virus infection, so by somatic hypermutations, they become step by step with better affinity (fit) to stop or kill the virus. Therefore, the B cells are going to proliferate in the presence of dengue virus at rate α B , and the cytotoxic T cells, by the presence of infected cells at rate α T , and have death rate µ B and µ T , respectively. The virus amount is considered proportional to the virus released by the infected cells after their death N 1 (µ s + µ I )I , where N 1 is the number of virions released by an infected cell. We assume that more than one particle of virus will try to infect each cell denoted by N 2 , the action of antibodies against the virus is considered proportional to the amount of B cells at rate α v , and finally the virus decay at rate µ v . The differential equations describing the interaction of dengue virus and the immune system are given by
The positively invariant set for the model (1) is given by
where P = (S, I ,V , B, T ),
Lemma 2.1. The set Ω is positively invariant with respect to system (1).
Proof. Let P 0 = S(0), I (0), V (0), B(0), T (0) ∈ Ω be the initial condition of the system (1), and Θ(t ) the function defined by
Taking the derivative of Θ with respect to t , we have:
which can be written as
and it follows that
. Besides, by basic comparison theorem [11] , whe have
, then either the solution enters Ω an infinite number of times or Θ(t ) approaches k δ asymptotically. Hence, the set Ω attracs all solutions in R 5 + .
In the next sections we analyze the model without immune response and the model considering humoral and cellular immune responses, given by (1) .
Analysis of the model without immune response
If there is not immune response, we have the following model taking into account only the infection of target cells and the release of virus
This model is a particular case of the model in [4] , letting ρ = 0 and with f (x, y, v) = β I S. For this model we study the global stability of equilibrium points.
Equilibrium Points for model (3)
k s µ s , 0, 0 , and the virus-presence The virus-free equilibrium is given by P 0w =
Global stability of virus-free equilibrium P 0w Theorem 4.1. For R 0w ≤ 1, the virus-free point P 0w is globally asymptotically stable.
Proof. We use the direct Lyapunov method in this proof. Let L 1 be the function defined as follows L 1 :
where
It is easy to check that L 1 (P 0w ) = 0 and
Besides the orbital derivative of L 1 along solutions of the system (3) is given bẏ
Then we conclude that the virus-free point P 0w is globally asymptotically stable.
Global stability of virus-presence equilibrium P w
The existence of the equilibrium P w is assured if R 0w > 1, and we are going to prove that P w is globally asymptotically stable if the virus entrance rate into the target cells is less than or equal to one, i.e., N 2 β I k s ≤ 1. For this purpose, we define the function L 2 :
This type of function was proposed by Goh in [12] .
Theorem 5.1. The virus-presence equilibrium P w is globally asymptotically stable if
Remark 1. The conditions R 0w > 1 and
Proof. First we start the proof showing that the orbital derivative of function
Taking the derivative of function L 2 along trajectories of system (3), we havė
From the equilibrium equations, we have
Substituing the last equations into (7) , it becomeṡ
From the fact that the arithmetic mean is greater than or equal to the geometric mean, i.e., Then 
Therefore the point P w is globally asymptotically stable.
Stability analysis of model with immune response
Equilibrium Points for model (1) Here we show the existence of virus-free equilibrium and virus-presence equilibrium. In fact setting the system (1) equal to zero and making some calculations we can write: 
, from this equation we conclude that
or
Notice that V = 0 implies the existence of a virus-free point which is denoted by P 0 , and has the coordinates .
For the existence of virus-presence equilibrium, we must show that (17) has µ B one solution such that V < . Initially, we write (12) and (15) in terms of α B V , for this purpose, we substitute (15) into (12) to obtain
where . First, the values are real because the expression inside of the root is always positive, that is,
for c 1 > 0, and c 3 > 0, they are real, and positive. To show that just one of them satisfies the condition I < µ T , we see that this is true if
so the only possibility for I is
Then (12) and (15) are functions of V and
Finally, let us rewrite (17), and define q as the polynomial: 
where R 0 is defined by the equation (35) in Appendix I. Then there is one solution V such that 0 < V < µ B . Therefore, there exists a virus-presence point P * = (S * , I * ,V * , T * , B * ), for R 0 > 1, where:
Stability of virus-free equilibrium
Here we study the stability of the virus-free point P 0 Theorem 8.1. For R 0 ≤ 1, the virus-free point P 0 is globally asymptotically stable.
Proof. Let Ω 3 = (S, I ,V , B, T ) : S > 0, I ≥ 0,V ≥ 0, B > 0, T > 0 and L 3 : Ω 3 → R be the function defined as follows: Now we prove that L 3 < 0. In facṫ
After some calculations, we have thaṫ
Then L 3 is negative in Ω 3 − P 0 if R 0 ≤ 1. Therefore the point P 0 is globally asymptotically stable for R 0 ≤ 1.
Global stability of virus-presence equilibrium
In this section, we prove the global stability of virus-presence equilibrium P * using a direct Lyapunov method. Let L 4 : R 5 + → R be defined as follows 
Remark 3. The term
is the average number of virions intaken by one macrophage, for more details see [13] . Therefore, condition (29) means that this average has to be at most 1.
Proof. We start by showing that the derivative of the function L 4 defined in (28) is negative along trajectories of system (1), if (29) holds. In fact, taking the derivative of the function L 4 along trajectories of system (1), we havė
From the equilibrium equations (11)-(15), we have
Substituing the last equations into (30), it turns into,
From (12) we have
taking the equation (33) into (32) implieṡ
Now notice that, from the expressions in (31), the first term of (34) can be written as
and the inequality (29), we have , and remember ing that the arithme tic mean is greater than or equal to the geometric n =1
x i n mean i ≥ n n i=1 x iL , we have 4 < 0 in R 5 + − {P * }. Additionally, L we have that 4 (P * ) = 0 and L 4 > 0 in R 5 + − {P * }. Then P * is globally asymptotically stable in R 5 + . Remark 4. If we assume in this model that the number of the virus entry into the target cells N 2 β I SV is included into the virus loss µ v V , i.e., N 2 = 0, then we avoid the restriction (29) and the virus-presence equilibrium P * is globally asymptotically stable if R 0 > 1, with the same Lyapunov function (28) and the same proof.
Discussion
In this study, we determined the global stability of a mathematical model of a virus dynamics when there is no immune response and when there are humoral and cellular immune responses. Using the direct Lyapunov method, we showed that the virus-free point of the model with or without immune response is globally asymptotically stable, if the reproductive number of the virus is less than or equal to one, i.e., whatever the initial viral load, the virus will be cleared. In the first case, we can argue that the innate immune response is acting to stop the viral increase. Of course, in the second case, we can argue that the adaptive immunity is an effective response to control the virus and infected cells. Further, we determined the global stability of the virus-presence equilibrium whenever the viral entrance rate in the healthy cells is less than or equal to one. This condition is almost the same for the two models. The difference is that the immune response controls the rise of this viral entrance rate. In this situation does not matter how large is the initial viral load, and the result will always be a virus persistence.
